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Example 1 
41   March 30, 

2005 
Let  f   be continuous on ሾ0,1ሿand 0 ≤ ݂ሺݔሻ ≤ 1 for all ݔ. Show that there 
is a  number c in ሾ0,1ሿ with  ݂ሺܿሻ = ܿ. 

Solution                                 0 ≤ ݂ሺݔሻ ≤ ݔ −                        1 ≤ ݂ሺݔሻ − ݔ  ≤ 1 − ሻݔLet  ݃ሺ ݔ  =   ݂ሺݔሻ − ݔ −                        ݔ  ≤ ݃ሺݔሻ ≤ 1 − 0                            ݔ ≤ ݃ሺ0ሻ ≤ 1                        −1 ≤ ݃ሺ1ሻ ≤ 0 
        ݃ሺ0ሻ   ≥   0  
        ݃ሺ1ሻ   ≤   0  ∴  ݃  is   cont   on  ሾ0 , 1ሿ ∃ ܿ  ∈  ሺ0,1ሻ  such that  ݃ሺܿሻ = 0 
       ݂ሺܿሻ  −   ܿ = 0         ݂ሺܿሻ =   ܿ  

Example 2 
49    July 5, 2008 

Given two continuous functions f and ݃ on ሺ−∞ , ∞ ሻ such that  ݂ሺ0ሻ = ݃ሺ1ሻ = 0 and ݂ ሺ1ሻ = ݃ ሺ0ሻ = 1. Show that, there exists 
c ߳ ሺ 0 , 1 ሻ such that ݂ሺܿሻ = 10݃ሺܿሻ. 

Solution ݂ሺ0ሻ = 0                      ݃ ሺ0ሻ = 1  ݂ ሺ1ሻ = 1                     ݃ሺ1ሻ  = 0 Let  ℎሺݔሻ  =   ݂ሺݔሻ −  10݃ሺݔሻ ℎሺ0ሻ  =  ݂ሺ0ሻ −  10݃ሺ0ሻ =  0 − 10ሺ1ሻ   =  −10  <  0  ℎሺ1ሻ  =  ݂ሺ1ሻ −  10݃ሺ1ሻ = 1 − 10ሺ0ሻ  = 1     > 0  ∴  ∃ ܿ ∈  ሺ0 , 1ሻ  such that  ℎሺܿሻ  = 0              ݂ሺܿሻ −  10݃ሺܿሻ  = 0 
         ݂ሺܿሻ =  10݃ሺܿሻ 
 

Example 3 
50   November 17, 

2008 A 

Let f  be continuous on ሾ 0 , 1 ሿ such that ݂ሺ0ሻ = ܽ and ݂ሺ1ሻ = ܾ, where ܽ > 0 and   ܾ < 1. Show that the equation ݂ሺݔሻ =  has at least one root ݔ
in ሺ 0 , 1 ሻ. 

Solution Let  ℎሺݔሻ  =   ݂ሺݔሻ − ∴ ݔ   ℎ  is   cont   on  ሾ0 , 1ሿ ℎሺݔሻ  =  ݂ሺݔሻ − ℎሺ0ሻ ݔ   =  ݂ሺ0ሻ −  0 = ܽ  >   0  ℎሺ1ሻ  =  ݂ሺ1ሻ −  1 = ܾ − 1  <   0  ∴  ∃ ܿ ∈  ሺ0 , 1ሻ  such that  ℎሺܿሻ  = 0   ∴   the equation  ℎሺݔሻ = 0     has  at least  one  root  in  ሺ0 , 1ሻ ∴   the equation  ݂ሺݔሻ − =  ݔ  0     has  at least  one  root  in  ሺ0 , 1ሻ 
                              ݂ሺݔሻ = , has  at least  one  root  in  ሺ0    ݔ  1ሻ 
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